Understanding the observed variability in the number of homologs of a gene is a very important, unsolved problem that has broad implications for research into co-evolution of structure and function, gene duplication, pseudogene formation and possibly for emerging diseases. Here we attempt to define and elucidate the reasons behind this observed unevenness in sequence space. We present evidence that sequence variability and functional diversity of a gene or fold family is influenced by certain quantitative characteristics of the protein structure that reflect potential for sequence plasticity i.e. the ability to accept mutation without losing thermodynamic stability. We identify a structural feature of a protein domain -contact density -that serves as a structural determinant of entropy in sequence space, i.e. ability of a protein to accept mutations without destroying the fold (also known as fold designability). We show that the (log) of the average gene family size exhibits statistical correlation (R 2 >0.9.) with the contact density of its three-dimensional structure. We present evidence that the sizes of individual gene families are influenced also by their evolutionary history e.g. the amount of time the gene family was in existence. We further show that our observed statistical correlation between gene family size and designability of the structure is valid on many levels of evolutionary divergence i.e. not only for closely related gene but also for less related fold families.
Introduction:
Gene family and domain fold family sizes are known to vary widely 1; 2; 3; 4; 5; 6; 7 -from orphans (families that have only a single member) to considerably populated sets of far-diverged homologs. The observed variability in the number and divergence of gene family members raises many questions e.g. which genetic mechanisms and evolutionary dynamics could have led to the observed unevenness. Evolutionary biologists have proposed models designed to explain these size distributions (which often follow power laws 4; 7; 8; 9 while assuming no inherent physical differences between gene families from the outset. 4; 8; 10; 11 However, many of these models are overly abstract to adequately explain family size distributions in a constructive manner that relates specific features of gene families with their reported size. Neither do these models provide explicit insights into the mechanistic details that might explain observed differences. On the other hand, some researchers have hypothesized that the heterogeneity in family size is due to an underlying distribution of biological or physical properties 3; 12; 13; 14; 15; 16 of proteins encoded by gene sequences, but until now such properties could only be hypothetically characterized for a limited class of simplified two dimensional and three dimensional lattice models.
In particular, in a recent study Taverna and Goldstein 12 analyzed the contribution from various factors such as evolutionary history and fold designability to the development of uneven protein family sizes in simplified 2-dimensional lattice models.
These authors modeled several scenarios of evolution and demonstrated that more "designable" structures indeed feature more populated (or overpopulated) sequence families. Interestingly, they find that the relationship between designability of a structure (defined in their model as a number of sequences that can have non-degenerate ground state in that structure) and the size of the family exhibits a noticeable scatter indicative of the influence of evolutionary history on the observable outcome 12 .
Recent successes in structural genomics and bioinformatics provide a wealth of data for statistical analysis of the distributions of gene family sizes of real proteins with known structures. On the other hand, our research has increased our understanding of the structural determinants of protein designability 17; 18; 19 and has made it possible to analyze the structural features of real protein domains that might be responsible for the observed inequality of gene family sizes. Obtaining new insights into the relative roles of physical and biological factors that contribute to the genesis of modern gene families may bring us closer to a greater understanding of the natural history of protein domains.
From a biological perspective, we may hypothesize that gene family size is at least in part influenced by functional constraints related to the number of different but perhaps related functions needed by the cell 20 . For example, some functions such as kinase activity have varied specificities within a relatively small number of sequence mutations 21 while others such as globins have much less functional flexibility despite, in some cases, substantial sequence divergence. 22 From a physical perspective, the potential of a gene to obtain new function upon duplication may depend on its ability to accept mutations without destroying the three-dimensional structure of a protein domain that it encodes. In this work we will focus mostly on the effect of the physical constraints imposed on the structure encoded by sequences of the gene family. We will show that variability in these constraints represents difference in potential for sequence diversity of gene families. This effect can be observed for real families both on average and in the case of specific families taking into account their differential time of evolution.
Building PDUG:
In order to consider sequence, structure and function information in a unified, systematic way, we define both gene families and fold families quantitatively using the Protein Domain Universe Graph (PDUG) 8 . The PDUG is a graph where nodes are sets of closely related sequences folding into structurally characterized domains 23; 24 and edges are connections between the nodes that are based on structure comparison. (Fig.1) For this study we employ the trace of the second order of the contact matrix normalized by chain length as a simplest approximation for designability. This quantity, known as the contact density (CD), is proportional to the number of contacts per amino acid residue (see Methods): it corresponds to the lowest second-order term in the expansion of Eq.1. A designability criterion, at this level of approximation has been considered earlier by several authors 17; 19 , and these studies predicted that the number of contacts, along with other factors such as dispersion of interaction energies as well as the proportion of long and short-range contacts in a structure may play an important role in determining the designability of a structure.
We thus calculate the CD for every representative domain structure in PDUG as a measure of the designability of that node. We then define a gene family as the set of sequences with more than 25% identity to the sequence of the crystallized structure of the domain excluding close sequence homologues using NRDB90 26 . Clearly, this calculation is predicated on the assumption that Swiss-Prot and NRDB represents a fair estimate of the variability inside each gene family. Remarkably, we observe that there is a marked positive correlation between a domain's designability calculated via CD and the average gene family size (Fig.3a) . However, we note that the observed correlation, while very pronounced, is nonetheless statistical in nature: each point in Fig.3 is a bin in (log) family size that contains 100-250 domains with a distribution of CD values, and the distributions in different bins overlap. Regardless of this observation we find that, on average, gene families that encode more designable protein structures are statistically the ones that perform more varied functions 27 , encode more sequences and therefore constitute larger families.
We perform a similar analysis on distantly related gene families as defined through the structural comparisons within the PDUG. To this end we take the structural neighbourhood of a given domain to be all those domains that are connected to it by an edge on the PDUG 8 ( Fig.1 ). Physically this means that all domains that are structurally but not sequentially similar to a given domain (beyond some threshold Z-score value) are included in this structural neighbourhood (see Methods). We then look at the correlation between the combined size of the "family" of gene sequences that fold into structures belonging to the same structural neighbourhood on the PDUG and the average CD for that neighbourhood. Fig. 3b shows that the average CD, which serves as a proxy for average designability of a structural neighbourhood, itself correlates with the (log) of the gene sequence family size of that neighborhood. Together, Fig.3a and Fig.3b show that gene family size and designability (as approximated by CD) correlate on average, across various scales of evolutionary distance. This could indicate that designability affects large sequence-structure spaces spanning not only sequence but also structural diversity. From an evolutionary standpoint, this may indicate that domains with higher CD diverge to produce other high-designability domain structures. We also determine how gene family size is related to the diversity of functions that family performs. We define the functional determinant of a gene family as entropy in function space. When we calculate this measure in the context of PDUG, we utilize Gene Ontology (GO) 35 to define the functional variability (functional flexibility score or FFS) of a set of genes (see Methods). FFS is a measure of the total amount of information needed to describe all the functionality of a gene family. Perhaps not surprisingly, FFS statistically correlates with CD (Fig 4) . This is not surprising because FFS statistically correlates with the total number of sequences in a gene family (data not shown).
However, this analysis serves two purposes. First the correlation of FFS and CD shows that designability directly affects the underlying biology of the domain. Domains with low CD have a much lower chance of performing many different functions. Secondly, this serves as a corroboration of the previous result using a different database, annotation method, and a completely different measure of sequence variability. Finally, the correlation of FFS instead of just simply calculations of gene family size ensures that we measure entropy on sequences that are sufficiently diverged to yield different functions thus minimizing the effect of database bias.
The Role of Evolution:
While statistical correlations of gene family sizes and FFS with CD are highly significant, how predictive are they when it comes to calculations of gene family size for a particular domain? To answer this question, we present a scatter plot of gene family size versus CD that shows all domains in the PDUG (Fig.5) . The scatter is very significant and it is clear that CD is hardly a predictor of gene family size for an each domain. This is perhaps not surprising given that other factors may have influenced gene family sizes. A natural possibility that has also been observed in lattice simulations 12 is that the evolutionary history of protein domains may have influenced their gene family sizes. The more time a gene family has to diverge the larger the gene family because there is a higher chance of finding a suitable sequence mutation.
Understanding the evolutionary history of all the protein domains on the PDUG requires construction of the most parsimonious scenario for protein structure evolution, a complex proposition 36 that is beyond the scope of this work. The simplest construction that still yields useful information is the delineation of the very old domains from the "less very old domains". Any domain that exists in every proteome within a given set can be placed in the last universal common ancestor (LUCA) of that set representing domains that were the predecessors of all others 36 . If any such domain were not placed in the LUCA, multiple independent discovery (or horizontal transfer) events would be required to explain the occurrence of this domain in all proteomes. The "extra" evolution involved in this case would result in a less parsimonious scenario. Inclusion of other domains is more probabilistic and depends on the exact form and method of parsimony construction used. 36 We thus define the structural content of the prokaryotic LUCA to be the intersection between all the 59 prokaryotic structural proteomes available at the time of this study, i.e. a domain is included if and only if it is present in all 59 prokaryotic genomes. The presence was determined using two way stringent BLAST with cutoff of 1e-6. This intersection that we call LUCA consists of 108 structures, representing roughly 3% of the domains in the PDUG. Of these 108 domains, 56% represent α/β folds, 19%
are α+β, 13% are all β and 12% are all α. (The list of LUCA domains is available as supplementary material) Although the structural content of the actual prokaryotic LUCA may be a superset of these domains, the 108 nonetheless represent a minimal set of structures that were most likely to have been present before the divergence of the bacteria and archaea.
We may thus highlight the LUCA domains on the scatter plot in Fig.5 . Two observations are immediately apparent. First, LUCA domains clearly feature greater CD's, suggesting that ''first'' domains were more designable (difference of means .48, t-test P-value is <1e-14). Secondly, even at equal CD (designability) with their younger counterparts, LUCA domains feature greater family sizes, on average 116 more members (red points are markedly shifted towards higher family size in Fig.5 , P-value < 1e-14).
This observation provides evidence that, as simulations on simple lattice models suggest 9; 12 , designability is only the potential for larger family size that has to be coupled with other mitigating factors for a full understanding of the evolutionary history of that domain. For two domains with the same CD but differing times of divergence, the domain with the longer divergence time will most likely have more sequence members.
However, we can see the importance of designability even within the LUCA domains by noting that higher CD domains exhibit higher gene family size within LUCA. This is consistent with out theory that given the same amount of time for divergence, higher CD domains will have larger sequence families.
Discussion
In this paper, we presented evidence that across widely varying evolutionary distances there are significant statistical correlations between structural designability, functional flexibility and gene family size. The statistical nature of these observations is obvious from the scatter plot presented in Fig.5 . We have found that this scatter may be explained, at least in partly, by variations in the evolutionary history 37 of protein domains. Because of this, neither CD nor any other proxy calculation of designability can be used as a predictor of gene family size. As shown by simulation 12 , designability represents only the "potential" for sequence entropy allowed by a structure. The actual size depends not only on the potential but also on the amount of time that evolution had to explore the sequence space around that structure. This, in part, reconciles the very strong correlation of the means observed in Fig 3 and While we believe that these results are illuminating, we must mention several caveats. Using CD as a proxy for entropy in sequence space is an approximation that assumes, among other things, that protein energetics may be correctly represented in contact form and that the second-order approximation of Eq.2 is sufficient to capture the designability of a structure. An additional and perhaps more interesting caveat to consider is that the "designability principle'' in its canonical form assumes equilibrium in sequence space in which all structures take full advantage of their designability potential and that this fact is reflected in the data. Consideration of phylogeny clearly shows that this is not an entirely valid assumption. On the other extreme, several dynamic divergent evolution models predict uneven fold populations without assuming any structural preferences due to designability 8 , positing that gene family sizes may be due to pure chance in the complex natural history of protein domains. Our observations are not inconsistent with divergent evolution. In fact, we have done simulations that indicate that a combination of divergent evolution models and designability yield a stunning correspondence with observed phenomena. 38 In this work we clearly see that domains with low CD are most likely to represent smaller size families while more designable, higher CD domains may exhibit both large and small family sizes. This is exactly what one would expect from the interplay of historical and physical factors: while physical constraints impose upper bounds on sizes of families of low-CD domains, more designable domains may exhibit greater family sizes if they are "old'' and smaller sizes if they are "young." Higher designability thus reflects the potential for higher family size but does not necessarily imply it.
Another interesting observation is that older domains seem more designable. One may speculate that early protein evolution could have imposed more stringent constraints on domain designability either due to more challenging conditions (e.g. higher temperature) 39 or due to insufficient time to search effectively sequence space to make it possible to select viable sequences for less designable structures.
The findings presented here may have broad implications for our understanding of structural genomics as well as structure-function relationships and co-evolution.
However, more quantitative evolutionary models are required to fully rationalize our findings. Further research along these lines may provide new insights into the genetic mechanisms underlying both neo-functionalization and the potential development of resistance to emerging diseases. These results provide an example of how fundamental physical principles can be statistically predictive in the biological Universe of protein folds and gene sequences.
Methods

PDUG
In order to build the PDUG, we use sequences from NRDB90 26 and all structural domains from HSSP 24 . We use BLAST 28 sequence homology to find all sequences in NRDB90 with more than 25% sequence identity to each HSSP domain. We combine that set of sequences into a single gene family. We then use cross-indexing between SwissProt 25 and InterPro to find the set of all equilogs (sequences with the same function) 27 belonging to every gene family. We use those equilogs to reconstruct the FFS using Eq.2.
(see Fig 1. ) We use DALI 29 to make all pairwise structural comparisons and we build structural neighborhoods as described in the text and in Fig1. For this study we use Dali Z c =9 as the cutoff value at which we consider two domains to be structural neighbors, although we believe that changing this value will not drastically alter the results, as evidenced by the correlation between domains and FFS (Fig 3a) . We choose Z c =9 because this level of structural divergence corresponds roughly to the superfold level of SCOP. Further justification of this threshold selection is given in Dokholyan et. al. 8 .
An important issue in this paper is one of sequence weighting. The use of NRDB to exclude close sequence homologues ensures that we calculate sequence entropy by including far diverged sequences. The calculations of FFS provide another corroboration with the same result but a different weighting of sequences. Inclusion of all sequences from SWISS-PROT will introduce noise due to over-sequencing of some genes versus others and will not yield a sufficient approximation of entropy in sequence space.
Designability:
England and Shakhnovich showed recently 18 that for a large class of amino acid interaction potentials B, the free energy per monomer f in sequence space for a protein structure defined by its contact matrix (CM) C is given by 2 (Tr )
where the weights a i are all positive functions which depend on the interaction energies B. The contact matrix C is defined as C ij =1 if amino acids i and j are in contact and 0
otherwise. Definitions of contact may vary, but in this paper we use the standard cutoff of 7.5 angstroms between C β atoms (C α for Gly). Elementary matrix algebra suggests that trace of high powers of a matrix is determined by its maximal eigenvalue. Thus, protein structures that have greater maximal eigenvalues of their contact matrices are expected to be more designable.
Calculation of Variability in CD of Intra-family members:
To calculate the variability of designability on Fig. 3 
FFS
In order to calculate functional entropy, we begin by combining all sequences into a set. We then match these sequences to InterPro 27 equilogs. We reconstruct the whole GO tree from the annotations of equilogs and calculate the number of equilogs of the family that are assigned a particular functional annotation, normalized by total number of annotations at each level (see Fig 1) . We may thus calculate the average amount of information per annotation level needed to fully describe the function of each gene family using the following equation:
Here, Max(L) is the maximal number of levels of annotation, the summation is taken over all levels l and over all nodes i filled by the gene family on the GO tree, and p i is the percentage of the family that is annotated with function i (see Fig.1 ). used to create a probabilistic GO tree from which the FFS is calculated using Eq.2. As an example of how to build a structural neighborhood, consider the domain inside the blue rectangle, then all the domains with red rectangles are its structural neighbors. between the "red" amino acid and the "blue" amino acid is favorable and gives E = -1.
Figure Legends
The configuration on the left yields lower energy -4, compared with right structures where contribution from interactions between these amino acids is only -3. Thus the 4-loop in the left structure contributes more to the stability of the structure overall allowing more freedom to select the remaining part of the sequence to obtain overall stabilization of the structure, Similar considerations apply to 3-loops, 5-loops etc. 
